We apply the method of holographic renormalization to computing black hole masses in asymptotically anti-de Sitter spaces. In particular, we demonstrate that the HamiltonJacobi approach to obtaining the boundary action yields a set of counterterms sufficient to render the masses finite for four, five, six and seven-dimensional R-charged black holes in gauged supergravities. In addition, we prove that the familiar black hole thermodynamical expressions and in particular the first law continues to holds in general in the presence of arbitrary matter couplings to gravity.
Introduction
The AdS/CFT conjecture, where gravity in anti-de Sitter space is holographically dual to a conformal field theory on the boundary, has led to additional interest in black hole thermodynamics. In this context the thermal properties of an AdS black hole configuration are dual to that of the finite temperature CFT. A particularly well studied example of this is the Hawking-Page phase transition [1] for black holes in AdS, corresponding to a deconfinement transition in the dual field theory [2] .
A common approach to extracting thermodynamic quantities from the black hole background is to evaluate the on-shell gravitational action, I, as well as the boundary stress tensor T ab , given by
where h ab is the boundary metric. According to black hole thermodynamics, the on-shell value of the action may be identified with the thermodynamic potential Ω according to I = βΩ. For static backgrounds with the time-like Killing vector ∂/∂t, the energy E is given by the ADM mass, extracted from the tt component of the boundary stress tensor. Black hole thermodynamics has been widely explored in the context of pure Einstein gravity with a cosmological constant. In this case it is well known that the first law of thermodynamics, dE = T dS, holds rather generally. Furthermore, the thermodynamic potential Ω is equivalent to the Helmholtz free energy F , so that F = E − T S is also satisfied. The fact that these features of black hole thermodynamics closely parallel those of ordinary thermodynamics has been the motivation behind the study of AdS/CFT at finite temperature.
For AdS/CFT, however, it is necessary to extend the results of black hole thermodynamics to encompass gauged supergravities or more general systems of matter coupled to gravity. In these systems it is possible to turn on conserved R-charges in addition to the temperature. It is then appropriate to work with the grand canonical ensemble, as discussed in [3] . The thermodynamic potential is related to the energy according to
where Q I are the set of conserved R-charges and Φ I are the corresponding electric potentials (which play the role of chemical potentials).
Although it is expected that (1.2) would be satisfied in general, a slight complication arises in that both Ω and E (extracted from the on-shell Euclidean action and the boundary stress-tensor, respectively) are divergent quantities and require renormalization. One approach to dealing with this problem, as suggested by Brown and York [4] , is to subtract the divergent action of a reference spacetime from the action for the spacetime of interest. In many cases this technique is sufficient, but it suffers from two main drawbacks. First, it requires that we embed a boundary with intrinsic metric h ab in the reference spacetime, which is often not possible. Second, the procedure is not intrinsic to the spacetime of interest, and all physical quantities are defined with respect to a particular reference spacetime. This becomes problematic when the appropriate reference background is unknown or ambiguous.
These problems can be avoided by using the boundary counterterm approach for removing divergences from the action [5, 6] . There are two common prescriptions for calculating the boundary counterterms. The first of these involves the asymptotic expansion of bulk fields near the boundary of spacetime. This approach is clearly defined and rigorous; it provides a complete set of covariant counterterms that remove all divergences from the on-shell action [7] [8] [9] [10] [11] [12] [13] [14] . The second method, which we employ in this paper, is based on the Hamilton-Jacobi formalism [15] [16] [17] [18] [19] [20] . The Hamilton-Jacobi formalism, which has found many applications in semi-classical gravity, was first applied in the AdS/CFT context by de Boer, Verlinde, and Verlinde [15] . We will not discuss the motivations and subtleties of this approach; instead we refer the reader to the excellent review by Mück and Martelli in [18] .
In this paper we reexamine the familiar asymptotically AdS d black hole solutions of gauged supergravities in 4, 5, 6 and 7 dimensions, and demonstrate how divergences are renormalized through the addition of appropriate Hamilton-Jacobi counterterms. Given a well-defined renormalization scheme, we are able to prove that the relation (1.2) is automatically satisfied for all such black hole solutions. This proof is, in fact, quite general, and is anticipated to remain valid for more general asymptotically AdS d backgrounds.
General Charged Black Hole Solutions
While details of the various supergravity theories depend crucially on dimension, general features of the bosonic sector can be treated in a dimension independent manner. We may thus consider a general bosonic action for gravity coupled to a set of scalar and vector fields given in the form
This action is appropriate to a d-dimensional spacetime M with a (d − 1)-dimensional boundary ∂M. The Gibbons-Hawking surface term is given in terms of the trace of the extrinsic curvature Θ µν of the boundary
where n µ is the outward-pointing normal on ∂M, and h µν is the induced metric. The equations of motion derived from (2.1) are
Since we are interested in spherically symmetric black holes carrying electric charge, in much of the following we choose to work with a field ansatz of the form
Anticipating the explicit solutions of interest, we have specialized to a black hole ansatz where the g tt and g rr warp factors are appropriately related. Doing so simplifies some of the intermediate expressions below. However this condition will be relaxed when exploring thermodynamic considerations more generally in section 5. Before proceeding, note that the (d − 2)-sphere may be parametrized as 
This expression will prove useful below when evaluating the on-shell action.
Stationary R-charged black holes
Although the explicit form of the matter sector depends on the theory of interest, the stationary R-charged black holes share a common gravitational description. In particular, the metric of (2.4) has the form
where
The function H(r) remains to be determined via the equations of motion, and will be influenced by the set of matter fields and charges that are turned on. Nevertheless, in general H(r) admits an expansion in inverse powers of r:
For the solutions considered below the function H(r) may be given explicitly as a product of harmonic functions:
(2.10)
In this case, the expansion coefficients in (2.9) are related to the charges q i according to
Note that, in the notation of (2.4), the warp factor B(r) is given simply by B(r) =
log H(r). We will examine these black holes in more detail in section 4. However, we first turn to the evaluation of the on-shell action, corresponding to the thermodynamic potential Ω.
The regulated action and energy
We now proceed to evaluate the on-shell action for spherically symmetric configurations of the form (2.4). It is well known that the action diverges due to the behavior of the metric and matter fields near the boundary of an asymptotically AdS d spacetime. Anticipating these infrared divergences, a natural (but non-covariant) way of regulating the calculation is to 'cut-off' the spacetime at a large but finite value of the AdS radial coordinate, r = r 0 . The result is a truncated spacetime, which we denote M 0 , whose 'boundary' ∂M 0 is located at the cut-off.
We may now calculate the regulated action on the truncated spacetime. To do so, we consider the bulk and boundary terms separately. For the bulk contribution, we first take the trace of the Einstein equation and substitute it into (2.1) to obtain
Using the equation of motion (2.6), this expression may be rewritten as
This may now be evaluated by explicit computation of R ψψ for the black hole metric (2.4). The result turns out to be a total derivative
(2.14)
where r + is the location of the horizon, given by f (r + ) = 0. The factor β = 2π/T is the periodicity along the (Euclidean) time direction, and ω d−2 is the volume of the unit (d − 2)-sphere.
Turning to the Gibbons-Hawking surface term, we start by noting that the unit normal in the r direction is given by n r = e −B(r) f (r) 1 2 . Using the definition (2.2) the components of the extrinsic curvature tensor are:
,
where indices α, β denote coordinates on the (d − 2)-sphere. The trace of the extrinsic curvature is then given by:
The Gibbons-Hawking term, evaluated at the boundary of the regulated spacetime, is:
Assembling these terms, the regulated value of the on-shell action (2.1) is given by
This expression diverges as the cut-off is removed, r 0 → ∞, and must be renormalized by an appropriate counterterm prescription. Before addressing the counterterms, however, we first derive an expression for the unrenormalized ADM energy. To do so, we start with the unrenormalized boundary stress tensor, given by
Making use of (2.16), the time-time component of the stress tensor has the form
so that
While this ADM energy also diverges as the cut-off is removed, the difference (I reg −βE reg ) is finite in this limit. In other words, the difference between the thermodynamic potential and the energy is a priori finite, and does not need renormalization. Nevertheless, one is often interested in understanding the energy of the system on its own, and in this case a proper choice of counterterms must be made. We now turn to a Hamilton-Jacobi analysis in order to fix the counterterm action.
Hamilton-Jacobi counterterms
As we have seen above, the on-shell action for gravity on an asymptotically AdS spacetime typically contains infrared divergences related to the behavior of the metric (and any other fields) near the boundary. We now review the calculation of boundary counterterms and demonstrate that the Hamilton-Jacobi method generates appropriate counterterms for canceling all power-law divergences in the on-shell action.
In order to facilitate the Hamiltonian analysis it is convenient to foliate this spacetime with constant r hypersurfaces, orthogonal to a spacelike unit normal n µ . The hypersurface defined by the cut-off r = r 0 can be thought of as the 'boundary' of the regulated spacetime, with
Using the Gauss-Codacci equations, the action (2.1) can be rewritten in terms of the intrinsic curvature R of the hypersurfaces and the extrinsic curvature Θ ab describing their embedding in M 0 . Note that, now that we have fixed the normal to point in the r direction, we will use indices a, b, . . . for tensors defined on the constant r hypersurfaces of the foliation. The regulated action is then given by:
The action (3.2) is explicitly quadratic in first derivatives of the fields φ i , A I µ , and h µν . Taking into account the holographic principle of flows in the radial direction, we define conjugate momenta and the Hamiltonian with respect to the AdS radial coordinate r, as opposed to the usual choice of a time coordinate. In this case, the momenta conjugate to these fields are given by:
Using these momenta, the Hamiltonian density obtained from (3.2) is:
Diffeomorphism invariance of the theory constrains the Hamiltonian (and other generators of coordinate transformations) to vanish. in other words,
To obtain the Hamilton-Jacobi equation we must rewrite the Hamiltonian constraint in terms of functional derivatives of the on-shell action. The on-shell action is a functional of the bulk fields evaluated at the boundary ∂M 0 . According to Hamilton-Jacobi theory the variational derivative of the on-shell action with respect to a field's boundary value gives the momenta conjugate to that field, evaluated at ∂M 0 . Thus, the momenta (3.3) can be written as functional derivatives of the on-shell action: 6) where the fields in (3.6) are evaluated at r 0 . Finally, replacing the momenta appearing in the Hamiltonian with functional derivatives of the on-shell action, we obtain the HamiltonJacobi equation:
The Hamilton-Jacobi equation is a functional differential equation for the on-shell action in terms of the boundary values of the bulk fields.
Derivation of the counterterm action
Using the Hamilton-Jacobi equation, we can obtain a set of counterterms that will remove power-law divergences from the on-shell action. We first write the regulated on-shell action as:
The first term, Γ, represents the part of the action which is finite 1 upon removing the cut-off. The second term, I ct , represents the power-law divergences appearing in the action. The terms appearing in I ct are conveniently organized in terms of an inverse metric expansion, as described in [18] . A sufficient counterterm action for the gauged supergravity black hole solutions we consider is given by:
The first two terms contain the divergences that appear in four and five dimensions, while in six and seven dimensions it is necessary to include the remaining terms. In constructing this action we have discarded a number of possible gradient counterterms of the form
, because the scalar fields only depend on the AdS radial coordinate r. In addition, since the counterterm action should respect any residual bulk symmetries, the U(1) gauge fields should only appear in terms of gauge-invariant field strengths F I ab . These terms do not contribute to (3.9) for the electrically charged configurations given by the ansatz (2.4). It is important to note, however, that if one wishes to study fluctuations around the black hole backgrounds then such counterterms must be included in (3.9), since the fluctuations may depend on the transverse coordinates. For such cases, the counterterm action (3.9) alone is not sufficient for calculations of correlators in the field theory duals of these solutions.
The momenta can be decomposed into contributions from the terms in (3.8), schematically of the form:
The contributions P due to the counterterm action are given by functional derivatives of (3.9) with respect to the fields on ∂M 0 :
The term G ab appearing in the expression for P ab is the boundary Einstein tensor, given by:
The counterterms W (φ), C(φ), . . . are now determined by substituting these momenta into the Hamilton-Jacobi equation (3.7) and solving it order-by-order in the expansion (3.9). We denote the various terms in the Hamiltonian by
The terms H (i) represent contributions from I ct , with the index counting the number of inverse metrics appearing in that term. For the backgrounds we are interested in this is an adequate measure of the degree of divergence these terms represent. Evaluating these terms leads to differential equations for the functions appearing in (3.9). The most illuminating of these is the equation for W (φ) that comes from the term H (0) in the Hamiltonian constraint:
Setting H (0) = 0 recasts (3.14) as the familiar relation for the potential V (φ) in terms of the superpotential W (φ):
The conclusion is that the leading term in the counterterm action (3.9) is simply proportional to the superpotential W (φ) [15] .
We obtain similar equations for the functions C(φ), D(φ), and E(φ) by evaluating the remaining terms in (3.13). The equation derived from H (1) = 0 determines C(φ) in terms of W (φ):
The counterterms W (φ) and C(φ), determined by equations (3.15) and (3.16), completely characterize the power-law divergences in four and five dimensions. For the six and seven dimensional supergravities there are two additional counterterms whose coefficients D(φ) and E(φ) are determined by two equations obtained from functionally independent terms in the equation H (2) = 0:
In five dimensions, where D(φ) and E(φ) are not included in the counterterm action (3.9), H (2) actually represents a potentially non-vanishing term in the expansion (3.13) for H:
In principle such a term might signal the presence of a logarithmic divergence in the on-shell action, corresponding to a Weyl anomaly in the dual field theory. However, for the solutions we are interested in the terms appearing in (3.18) either vanish due to the S 1 × S d−2 topology of the boundary, or vanish sufficiently rapidly near the boundary so as to not contribute any additional divergences to the effective action.
While we have shown, in equation (3.15) , that the leading counterterm is simply the superpotential W (φ), we have not provided explicit solutions for the remaining terms. For the gauged supergravity solutions we are interested in it is sufficient to solve for the functions C(φ), D(φ), and E(φ) as a power series in φ i , out to order O(φ 2 ). However, rather than writing general solutions, which would depend on the choice of basis for the gauged supergravity scalars, we will specialize to an appropriate expansion for each of the d-dimensional black holes that we consider in the next section. Finally, it should be noted that the functions C(φ), D(φ), and E(φ) can be written in terms of integrals of the superpotential and its derivatives, but these expressions are not particularly illuminating.
Counterterm renormalization of the energy
Since the counterterm W (φ) is simply related to the superpotential according to (3.15) , its form is already determined. For the remaining counterterms, C(φ), D(φ) and E(φ), their solutions as power series expressions may be motivated by noting that the large r asymptotics of the black hole solution (2.4) generically has the form
To cancel divergences, and to provide possibly finite counterterms, the series solution to C(φ) must be determined to O(1/r d−3 ) while the series solutions to D(φ) and E(φ) must be determined to O(1/r d−5 ). As a result, only the leading terms will be important
Assuming, from symmetry, that the linear term c i is absent in C(φ), we only need to compute the constant pieces c 0 , d 0 and e 0 from (3.16) and (3.17). As a result, we find that the relevant contribution of the counterterm action has the form
This can be compared with similar expressions for pure gravitational backgrounds, as found in [5, 6] . Note that g is also the inverse of the AdS length scale, ℓ −1 , which is given in terms of the constant term V 0 in the scalar potential V (φ) by:
Corresponding to the counterterms in (3.21), the regulated boundary stress tensor picks up an additional contribution
Some terms proportional to derivatives of R along the boundary have been omitted, as they vanish for the spherically symmetric solutions of interest. For black hole metrics of the form (2.4), the boundary Ricci tensor is given by
Thus the counterterm action and contribution to the energy may be expressed as
is the counterterm contribution to the ADM energy. The relation I ct = βE ct demonstrates that, while the counterterms are necessary to render both the action and the energy finite, the validity of the thermodynamic relation Ω = E − T S − Q I Φ I is unaffected by any finite shift in the counterterm action.
The renormalized action and mass
Given the regulated action (2.19) and energy (2.22) , as well as the corresponding counterterm expressions (3.21) and (3.25), we are now in a position to examine the various R-charged black holes. In each case we calculate the renormalized action Γ and energy E ren , and show that they are finite in the r 0 → ∞ limit.
D = 4 black holes
In four dimensions, the N = 2 truncation of gauged N = 8 supergravity yields a system with three complex scalars and four U(1) gauge fields. For simplicity, we consider a truncation of the scalar sector by setting the axionic components to zero. While this is in principle an inconsistent truncation, this is nevertheless a valid procedure when applied to the non-rotating electrically charged black holes. In this case, the three dilatonic scalars may be parametrized by a constrained set of real fields X i satisfying X 1 X 2 X 3 X 4 = 1. The potential and superpotential are then given by
In addition to the metric, (2.7), the four-charge black holes have gauge potentials and scalars given by [21] [22] [23] 
As a result, the regulated action integral, (2.19), becomes
Note that the first three terms are divergent as r 0 → ∞. Of course, the boundary counterterm remains to be evaluated. To do so, we simply insert the form of the superpotential, given by (4.1), into (3.25) to obtain
We now see explicitly that the divergent terms in the regulated action are canceled by the counterterms. Furthermore, the nonlinear charge term, proportional to α 3 , vanishes in the renormalized action
Turning to the ADM energy, we first evaluate (2.22) in four dimensions to obtain
Combining this with E ct yields the linear mass/charge relation
D = 5 black holes
As in the ungauged case, gauged D = 5, N = 2 supergravity coupled to an arbitrary number of vector multiplets has a natural description in terms of special geometry. Here we consider only the particular case of the STU model, corresponding to the U(1) 3 truncation of maximal gauged supergravity. The black holes in this model, which may carry up to three charges, have been well studied [3] .
The counterterm renormalization prescription for black holes in the STU model was recently examined in [24] for single-charge black holes and in [25] for three-charge black holes. In this model, the potential and superpotential are given by
where the two real scalars are encoded in the constrained fields X 1 X 2 X 3 = 1. Furthermore, the gauge potentials and scalars have the form [26, 27] 
Working out the regulated action and energy, we find the similar expressions
The divergences are renormalized by the counterterm action
Consequently, we find the familiar results
Γ =
βω 3 8πG 5 − 1 2 µ + r 2 + + 3 8g 2 , (4.12) and E ren = ω 3 8πG 5 3 2 µ + α 1 + 3 8g 2 = ω 3 8πG 5 3 2 µ + q 1 + q 2 + q 3 + 3 8g 2 . (4.13)
D = 6 black holes
In six dimensions, the gauged N = (1, 1) supergravity admits two inequivalent AdS vacua [28] , only one which is supersymmetric. It is this one that we consider. The bosonic components of the supergravity multiplet consists of a graviton g µν , antisymmetric tensor B µν , SU(2) × U(1) gauge fields A I µ , A µ and a dilaton φ. The potential and superpotential have the form
φ . The gauging of [28] which leads to an AdS 6 vacuum also turns on a mass for the antisymmetric tensor. More directly, the abelian vector A µ is absorbed by B µν for mass generation. Thus we only consider abelian black holes charged under the U(1) subgroup of SU (2) . The gauge potential and dilaton are given by Note the absence of any Casimir energy for the odd-dimensional boundary theory.
D = 7 black holes
Maximal gauged supergravity in seven dimensions involves the gauging of an SO(5) Rsymmetry, as can be deduced from the S 4 reduction of eleven-dimensional supergravity. This can be truncated to half-maximal supergravity (with SU(2) gauging) coupled to an abelian vector multiplet. For simplicity, however, we consider a further truncation to two abelian vectors and two scalars. In general, this is no longer a consistent supergravity theory. However, it is consistent to consider a subset of solutions, including the electrically charged black holes of present interest.
Because of the slightly unusual nature of the truncated theory, the potential has a more complicated structure [23, 29] 20) where X 1 and X 2 are unconstrained fields. In terms of canonically normalized scalars, we may take the representation
The superpotential has the form
For the R-charged black holes, the two gauge potentials and two scalars are given in terms of the harmonic functions H i by [23, 29] 
This yields the expression for the superpotential
The resulting regulated on-shell action is 25) and the regulated ADM energy is
Note that these expressions are already at most linear in the charges. In six or higher dimensions, the asymptotic scalar behavior falls off sufficiently rapidly so that the scalars do not contribute to the boundary counterterm. We find 27) so that the renormalized values are
and
(4.29)
Black hole energy and thermodynamics
In the previous sections we demonstrated explicitly that the on-shell action and the ADM energy may be renormalized by introducing an appropriate counterterm action given by a Hamilton-Jacobi analysis. Turning to the dual field theory, the renormalized on-shell action is to be identified with the thermodynamic potential Ω according to Γ = β Ω. Likewise, the ADM energy E ren ought to be identified with the energy (including Casimir energy) of the field theory. For backgrounds with non-trivial R-charge, the thermodynamic potential may be related to the energy according to
where Q I are the set of conserved R-charges, and Φ I are the corresponding horizon values of the electric potential. Here we prove that the relation (5.1) is automatically satisfied for the black hole solutions of the previous section.
We start with a static, stationary metric in d dimensions, of the form (2.4)
Note, however, that here we allow independent warp factors for the time and space directions. This choice of coordinates is specialized so that the boundary of AdS is located at r → ∞ and also so that ∂/∂t is a natural time-like Killing vector. We further assume that the matter sector preserves the time translation symmetry, so that in particular all matter fields are independent of t.
As in (2.1) the unrenormalized action integral is composed of two pieces, the bulk integral and the surface term. To evaluate the bulk action we start with the expression (2.12). However, instead of using the R ψψ component of the Einstein equation, we substitute in the R tt component to rewrite the bulk action as
We now show that this bulk integrand is in fact a total divergence. First note that, for the metric (5.2), the tt component of the Ricci tensor may be written as
temperature with entropy, and the last term gives directly the product Φ I Q I up to charge normalization
More explicitly, the tt component of the regulated boundary stress tensor, (2.20) , is 11) so that the ADM energy is
In addition, the entropy and temperature are given by
Here we have used the expression 15) which is valid for the metric (5.2). Note that the first term in Θ t t vanishes at the horizon (at least for a regular horizon).
Combining the above expressions, and substituting into (5.9), we finally obtain the expected relation
Note that the unrenormalized quantities Ω reg and E reg both diverge as we remove the regulator, r 0 → ∞. However, this divergence is cancelled by a counterterm action (3.9) which contributes equally with Ω ct = E ct . Hence, the thermodynamic relation (5.1) always holds identically, with or without counterterm insertion, at least for the counterterm structures that we are interested in.
Conclusions
In general, the notion of mass or energy in a gravitational system can be rather difficult to define in a precise and useful manner. Nevertheless, rigorous definitions of energy and conserved charges are essential in the application of black hole thermodynamics. Here we have highlighted a holographic approach, based on the Hamilton-Jacobi formalism, to dealing with black holes in asymptotically AdS spacetimes. In this approach, conserved quantities (including the mass) may be extracted from the boundary stress tensor, so long as the gravitational action itself is regulated in an appropriate manner. We demonstrate, in particular, that the Hamilton-Jacobi method generates the appropriate boundary counterterms for removing all divergences of the on-shell action pertaining to stationary R-charged AdS black holes in four, five, six and seven-dimensional gauged supergravities.
Although the importance of the boundary stress tensor method has been realized for some time, and the notion of holographic renormalization has been well developed, less attention has been given to systems with a non-trivial matter sector. In this paper, we have focused on gravitational systems with long-range scalars, and have shown that they may be treated in a uniform manner, regardless of spacetime dimension or specific matter content. Of the actual black holes we have investigated, we note that the nontrivial scalar counterterms (namely the non-constant parts of the superpotential W ) are divergent in four, finite in five, and vanishing in higher dimensions. And yet they all have a common origin, namely the Hamiltonian constraint (3.14) arising from the HamiltonJacobi analysis of the counterterms, It would of course be natural to apply the Hamilton-Jacobi counterterm prescription developed here to the study of thermodynamics of other interesting systems with nontrivial matter fields. For example, masses of rotating supersymmetric AdS 5 black holes [30, 31] was recently considered in [25] . It may also be of interest to apply the above methods in examining the properties of the five-dimensional black ring solutions [32] [33] [34] [35] .
Finally, note that the boundary stress tensor contains information not just on the energy of the system but also on general conserved quantities corresponding to additional Killing symmetries. In particular, angular momentum along with the thermodynamics of rotating solutions has been explored in [36] [37] [38] [39] (see also [40] [41] [42] [43] [44] ). For stationary solutions, the analysis of the previous section indicates that any suitably chosen regulator will preserve the thermodynamic relation (1.2). However, the introduction of angular momentum yields additional complications meriting further study [39] . The full resolution of the first law of black hole thermodynamics in the AdS/CFT context with rotation will certainly be an important accomplishment with widespread implications.
